Analytical solutions of the three-dimensional di usion equations for the hadronic cascade induced by one single nucleon in the atmosphere are obtained and the behaviour of the lateral component is discussed. We study the hadronic lateral distribution of a high energy cosmic ray family detected at Mt. Chacaltaya.
Introduction
The study of the behaviour of cosmic ray components in the atmosphere has had great in uence to the understanding of high-energy nuclear interactions. The analytical solutions of three-dimensional di usion equations for hadronic cascades are very important to analyse the events detected by emulsion chambers and hadronic calorimeters at mountain altitudes 1] or sea level 2].
For a long time the solutions of di usion equations have been obtained by means of Mellin's transformations. Solutions were obtained by Rossi e Greisen 3], afterwards by Nishimura 4 ] to the eletromagnetic cascade induced by a high-energy particle, photon (gamma) or electron. Messel and Green 5] obtained solutions for the threedimensional nucleonic and hadronic cascades iniciated at the top of the atmosphere by a primary ux with a power-law energy dependence. Ohsawa and Yamashita 6] studied the hadronic cascade iniciated by one single nucleon. Those solutions are expressed in the form of integrals on complex plane and have to be calculated applying the saddle point method or by numerical methods.
An alternative approach has been introduced using a Feynman-like procedure of ordered exponential operators 7, 8] which enables us to solve di usion equations for the cosmic ray components taking into account multiple nuclear interactions occuring at di erent levels in the atmosphere. Applying this method we can reproduce the solutions of Nishimura to eletromagnetic cascades written in the Mellin's space 9]. Analytical solutions in the con guration space have been obtained applying this method to the study of hadronic cascades iniciated on the top of atmosphere by a primary ux with a power-law energy dependence 10, 11] .
That method can also be applyed to study cascades induced by one single nucleon in the atmosphere. Recently we have obtained the solution to the three-dimensional nucleonic cascade 12] and to the uni-dimensional hadronic cascade 13] . In this paper we perform an extension of these solutions to study the three-dimensional hadronic cascade.
In section 2 we present the di usion equations for the hadronic components which compose a system of coupled di erential equations. Using the Feynman-like procedure of ordered exponential operators we obtain the solution for the hadronic dif-ferential ux in the small-angle multi-scattering approximation. The analysis of the lateral behaviour of the hadronic di erential ux is showed in section 3. We proceed in section 4 to the comparison between our results and the experimental data for the hadronic lateral distribution of the high-energy family \Big-event", detected in emulsion chambers at Mt. Chacaltaya 14].
Hadronic Di erential ux
In order to study the lateral behaviour of the hadronic cascade induced by one single nucleon in the atmosphere we assume here that: -there are only nucleons and pions in the hadronic cascade; -the primary particle inducing the cascade is assumed to be a nucleon with energy E 0 . Adopting the leading particle model the nucleon at depth t o interacts with elasticity N with a nuclei of air, resulting in a surviving nucleon with energy N E 0 and a transverse momentum p T N , received by recoil; -only pions are produced in multiple particle productions and they receive a transverse momentum p T by recoil; -the multiparticle production of charged pions, with energy E, by nucleons or pions, with energy E 0 , obey the Feynman scaling hipothesis, according to the function 6] g(E; E 0 ) = 5 3
(1 ? E=E 0 ) 4 E=E 0 :
Hadronic di usion equation
Let F i (E; E 0 ;r;~ ; t; t 0 ) dE dr d~ (i=N, ) be the particle di erential ux with energy between E and (E + dE), and vector positions betweenr and (r + dr) and betweeñ and (~ + d~ ) at the detection level t, for the cascade generated at atmospheric depth t 0 by a single nucleon (here supposed to be a proton) with de nite energy E 0 . Ther gives the position of particles measured from the center of the cascade on the horizontal plane and~ is the angle between the particle's track and the vertical 
where i are the average interaction mean free-paths, here assumed N = 80g=cm 2 and = 120g=cm 2 and f( i ) are the elasticity uctuation functions, with i assumed to be uniformly distributed between 0 and 1. For the atmosphere, the isothermal model is assumed, its density being (t) = H o =t, with H o as the scale height.
In both equations, Eqs. (1) and (2), the rst term in the r.h.s. represents the depletion of particles by interactions at increasing depth, the second term describes the depletion due to the lateral displacement and the third takes into account the production of particles by interactions of the incident particle. The fourth term in the r.h.s. of Eq. (2) is related to the multiparticle production of pions by pions and nucleons.
In the leading particle model and the small-angle approximation, the particle distribution i (E; E 0 ;~ ) after collision is given by (6) where J 0 is the zero-order Bessel function and i (t) = p T i E H o p ln (t f =t) ; (7) with t f as the depth at the detection level.
Hadronic solution
To obtain the hadronic di erential ux in the momentum space we must integrate the Eqs.
(1) and (2) over the interval t o t t f with the following boundary conditions, F N (E; E 0 ;p; t; t 0 ) = (E ? E 0 ); F (E; E 0 ;p; t; t 0 ) = 0:
The nucleonic solution has been obatined by Bellandi et al. 12] and is written as a sum of two terms, F N (E; E 0 ;p; t f ; t 0 ) = F 0 N (E; E 0 ; t f ; t 0 ) + F L N (E; E 0 ;p; t f ; t 0 );
which mean the longitudinal and lateral contributions, respectively 
where we have introduced the variable interaction height T = t f ?t 0 and the function:
G(E; E 0 ; z) = G 1 (E; E 0 ; z) + G 2 (E; E 0 ; z);
I j (u) is the modi ed Bessel function of order j and
The depth variables are written in units of nucleonic mean free path, replacing t= N by t and this notation is used from now on.
The pionic solution can be obtained following the same procedure adopted to calculate the nucleonic di erential ux. Introducing the operatorŝ 
where we have de ned 3 Analysis of the Lateral Solution
In this section we present the analysis of the behaviour of the lateral di erential ux for the hadronic cascade generated at atmospheric depth t 0 by one single nucleon with energy E 0 . >From our solution, we note that these are the only free parameters for a given detection level t f . In order to proceed the numerical analysis of our solution, we assume here E 0 = 10 4
TeV and t f = 6:75 (corresponding to 540 g=cm 2 at Mt. Chacaltaya, Bolivia).
In related works, the lateral contributions to the nucleonic 12] and hadronic ux 6, 11] have been described assuming the transverse momentum constant and equal to its mean value, p T = p T N =< p T i >= 0:4 GeV=c. Nevertheless For nucleons we assume that a N = 0:3473 GeV=c and b N = 0:0216 GeV=c.
In Fig. 1 we present the behaviour of the lateral contribution to the di erential uxes, F L i (i=N, ,Hadron), as a function of energy E, for a constant interaction height T = t f ? t 0 and with the lateral spread = 0:28 TeV:cm, showing that there is a critical point where the pionic component reaches a maximum. Below this point, for low energies, the pions dominate the hadronic cascade, but above it one does not expect to nd a large number of pions with high energies, close to the primary nucleon energy E 0 . Therefore we see the fast decrease of the pionic ux while the nucleonic ux reaches its maximum. In Fig. 2 we have the hadronic component as a function of E for di erent values of T. We note that at low energies, events initiated near the detection level (t 0 t f ! low T) have smaller hadronic ux than events initiated far beyond (t 0 0 ! large T) and that the situation is reversed for high energy particles. This is because cascades initiated near the detection level t f do not have enough atmospheric depth to develop a large number of interactions and particles are more likely to be found with high energies, as shown by the solid line in the gure; the opposite being true for long developed cascades, as for the dashed curves.
The dependence of the lateral components with the variation of interaction height T is shown in Fig. 3 , assuming for the observational energy the value E = 10 2 TeV . Again there is a critical point where the pionic ux reaches a maximum, and here this behaviour is analogous to that observed in the eletromagnetic cascade, where the turning point de nes the \age" of its development 4]. The nucleonic ux is much smaller than the pionic ux because we have an energy E below the critical point showed in the Fig. 1 , where the pionic component is dominant. Fig. 4 represents the components of the lateral ux as a function of the lateral spread , Eq. (42). Naturally, for a xed energy E, increasing implies in larger values of radius r, so that the overall ux falls, as seen in the gure. This behaviour 13 is in agreement with emulsion chamber experimental data as observed in maps of cosmic ray families 16].
Also noticeable is the dominance of the pionic component over the nucleonic one, due to the choice of values for E and T. The lateral spread dependence of the hadronic ux is shown in Fig. 5 for three xed values of T. We note that there is a maximum value of (namely MAX ) for each value of T, where the ux has a cut-o . This re ects the fact that for a given interaction height T the cascade has not been able to develop enough to reach a lateral spread outside the range given by MAX . In our solutions such natural e ect is described by the Heaviside functions where MAX depends only on the primary interaction depth t 0 and the detection level t f , as expressed by Eq. (41).
Lateral Distribution
The analysis of the lateral contribution of the hadronic di erential ux presented in the previous section, shows that our calculations describe qualitatively the expected behaviour for the development of the hadronic cascade induced by one single nucleon in the atmosphere. In the absence of experimental data for the hadronic di erential ux, we will compare our results, obtained in section 2, with experimental data of the hadronic lateral distribution.
The hadronic lateral distribution is given by the number N H of hadronic gamma per unit area and can be written as
H (E; E 0 ;r; t f ; t 0 ):
For events detected in nuclear emulsion chambers at mountain altitudes, we found in the literature only one with hadronic lateral distribution data: \Big-event" detected by the Japan-Bolivia Collaboration in the SYS air shower array, with one-storey emulsion chamber, at Mt. Chacaltaya 14] . This is a very energetic event, estimated to be iniciated by one single proton with energy around 10 5 -10 6 TeV . The total visible energy is about P E vis = 2800 TeV and the total hadronic visible energy is about P E H = 1400 TeV 17].
14 The hadronic visible energy E is the energy of particles detected by means of eletromagnetic showers induced by rays from 0 decay. It is related to the actual energy of the particles E by the so-called \gamma inelasticity" k , so that E = k E: We adopt here for the gamma inelasticity, the mean value < k >= 0:25.
In Fig. 6 (a) and (b) we show the simultaneous best t of the experimental data for \Big-event", using our solution in Eq. (44). The circle symbols represent the experimental data for two di erent threshold energies: (a) for E H > 2 TeV and (b) for E H > 10 TeV . The solid curves in both gures represent the best ts, where the only two free parameters are the primary nucleon visible energy E 0 and the depth of primary interaction t 0 .
From the best t we obtain E 0 = 43000 TeV and t 0 = 190 g=cm 2 , which corresponds to a very good description of experimental data for the high-energy family \Big-event", as seen in Fig. 6 (a) and (b).
Conclusion
We have solved the hadronic di usion equations in the small-angle multi-scattering approximation applying the Feynman-like procedure of ordered exponential operators, in order to obtain analytical solutions written in the con guration space for the hadronic di erential ux. For that, we adopted the leading particle model to describe nuclear interactions and the Feynman scaling hypothesis to describe the production spectrum of charged pions; we neglected the decay of charged pions into muons as well as the contribution of heavier mesons and of multiple production of pions by pions; we assumed an uniform elasticity distribution and constant interaction mean free-paths.
Our analysis are in agreement with the qualitative behaviour expected for the lateral development of the hadronic cascade induced by one single nucleon in the atmosphere. Furthermore, the curves for the di erential ux as a function of the lateral spread reproduce the pattern suggested by maps of cosmic ray families observed in emulsion chambers.
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Calculating the number of hadronic gamma per unit area N H =cm 2 , we have obtained a very good description for the lateral distribution of the high-energy family \Big-event", detected at Mt. Chacaltaya. Unfortunatelly, this is the only one set of data of this kind now available. In order to extend the analysis to other cosmic ray families it would be valuable to have more experimental data measured, moreover in a two-storey chamber type, wich gives an improvement of the lateral resolution due to the intervening air gap between the upper and lower chambers.
As an extension of our analysis to the hadronic lateral component, the integral distribution of energy-weighted lateral spread, N H (> Er), can be calculated and compared to emulsion chamber data, which is the aim of a further work now in progress. 
